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Abstract
In this work we make some observations on the existence of extremal maps for sharp L2-Riemannian
Sobolev type inequalities as Nash and logarithmic Sobolev ones. Among other results, we prove also that
there exist smooth compact Riemannian manifolds with scalar curvature changing signal on which there
exist extremal maps.
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1. Introduction
Sharp first-order Sobolev type inequalities on compact Riemannian manifolds have been ex-
tensively studied in the literature and surprising results have been obtained by showing the
influence of the geometry on such problems. We mention the books [3,12,17] for a complete
survey in the classical Sobolev inequalities. See also the papers [1,2,4,10,11,14,16,18–20]. We
refer the reader to [13,21,22] for Nash inequalities, and [6,7] for Gagliardo–Nirenberg–Sobolev
and logarithmic Sobolev one.
In his paper [18], Hebey studied sharp Sobolev inequalities for vector valued maps. The main
result in [18] is that of the existence of extremal maps. Namely, Hebey obtained a sufficient condi-
tion for the existence of extremal vector valued maps in sharp vectorial L2-Riemannian Sobolev
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stant, then there exist extremal maps, where Scalg stands for the scalar curvature of the metric g.
In [21], Humbert also gives a sufficient condition for the existence of extremal maps in L2-Nash
inequality. This sufficient condition implies in the existence of extremal maps when Scalg  0.
In [6], Brouttelande gives a sufficient condition for the existence of extremal maps in logarithmic
Sobolev inequality, and this sufficient condition also implies in the existence of extremal maps
when Scalg  0.
However, it is not clear that the existence of extremal maps holds when Scalg is not like above.
In this paper, we are interested in the existence of extremal maps in that inequalities when Scalg
is nonconstant and positive, and when Scalg changes sign. Moreover, we want to built examples
of manifolds in which that sufficient conditions are not necessary.
2. Sharp Sobolev inequalities
Let (M,g) be a smooth compact Riemannian manifold of dimension n  3. We denote by
H 21 (M) the standard first-order Sobolev space defined as the completion of C
∞(M) under the
norm
‖u‖H 21 (M) =
(∫
M
|∇gu|2 dvg +
∫
M
|u|2 dvg
) 1
2
,
where dvg is the Riemannian volume element of g.
The Sobolev embedding theorem ensures that the inclusion H 21 (M) ⊂ L2
∗
(M) is continuous
for 2∗ = 2n
n−2 . So, there exist constants A,B ∈R such that, for any u ∈ H 21 (M),(∫
M
|u|2∗ dvg
) 2
2∗
A
∫
M
|∇gu|2 dvg + B
∫
M
|u|2 dvg. (I 2g )
In this case, we say simply that (I 2g ) is valid. The first Sobolev best constant associated to (I 2g ) is
A0(g) = inf
{
A ∈R: there exists B ∈R such that (I 2g ) is valid}
and, by Aubin [1], its value is given by K(n,2)2, where
K(n,2) = sup
u∈D1,2(Rn)
(
∫
Rn
|u|2∗ dx) 12∗
(
∫
Rn
|∇u|2 dx) 12
,
and D1,2(Rn) is the completion of C∞0 (Rn) under the norm
‖u‖D1,2(Rn) =
( ∫
Rn
|∇u|2 dx
) 1
2
.
Moreover, Aubin [1] and Talenti [28] provide the explicit value of K(n,2). Namely,
K(n,2)2 = 4
n(n − 2)ω
2
n
n
.
Following usual notations, ωn in this expression is the volume of the standard unit n-sphere.
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M
|u|2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gu|2 dvg + B
∫
M
|u|2 dvg. (I 2g,opt)
We say that (I 2g,opt) is valid if there exists a constant B ∈ R such that (I 2g,opt) holds for all
u ∈ H 21 (M). A first question is the validity or not of (I 2g,opt). The optimal inequality was proved
to be valid by Hebey and Vaugon [19]. So, consider the second Sobolev best constant
B0(g) = inf
{
B ∈R: (I 2g,opt) is valid}.
Clearly, for any u ∈ H 21 (M), one has(∫
M
|u|2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gu|2 dvg + B0(g)
∫
M
|u|2 dvg, (J 2g,opt)
and this inequality is sharp with respect to both the first and second constants, in the sense that
none of them can be lowered. A function u0 ∈ H 21 (M), u0 = 0, is said to be extremal for (J 2g,opt)
if (∫
M
|u0|2∗ dvg
) 2
2∗ = K(n,2)2
∫
M
|∇gu0|2 dvg + B0(g)
∫
M
|u0|2 dvg.
By standard elliptic theory, an extremal map is smooth, and either positive or negative. Up to
replacing u0 by −u0, and up to a positive constant scale factor, an equivalent definition is that
gu0 + B0(g)
K(n,2)2
u0 = 1
K(n,2)2
u2
∗−1
0 in M
and
∫
M
u2
∗
0 dvg = 1. Taking u = 1 in (J 2g,opt) gives that B0(g)  V
− 2
n
g where Vg is the volume
of M with respect to g. When n 4, see for instance [17], one has that B0(g) B0(g)extr where
B0(g)extr = n − 24(n − 1)K(n,2)
2 max
M
Scalg
and Scalg is the scalar curvature of g.
Two important questions are the existence of extremal maps for (J 2g,opt) and the explicit value
of B0(g). When (M,g) = (Sn, g0), the standard unit n-sphere, B0(g0) = B0(g0)extr = V −
2
n
g0 and
the extremal maps for (J 2g0,opt) are known. Namely, up to a scale factor, u0 = 1 or
u0 = (β − cos r)1− n2 ,
where β > 1, and r is the distance to a given point in Sn. For more details see [16]. Moreover,
by Hebey [16], if g ∈ [g0] is a conformal metric to g0, and n  4, then B0(g) = B0(g)extr and
there exist extremal maps for (J 2g,opt) if and only if, up to a positive constant scale factor, g and
g0 are isometric, in which case all the extremal maps are known. In the general case of arbi-
trary smooth compact Riemannian n-manifold, Djadli and Druet in [9] showed that on smooth
compact Riemannian manifolds of dimension n  4, at least, one of the following assertions
holds:
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(b) B0(g) = B0(g)extr.
Combining the result of [9] with the solution of Yamabe problem, by Aubin [2] and Schoen [27],
one easily concludes that there exist extremal maps for (J 2g,opt) when either Scalg  0 or Scalg is
constant. Examples of manifolds with nonconstant positive scalar curvatures in which the exis-
tence of extremal maps holds was given by E. Barbosa and M. Montenegro in [5].
Let (M,g) be a smooth compact Riemannian manifold of dimension n  3. Let also k  1
be an integer, and Msk(R) be the vector space of symmetrical k × k real matrix. Namely the vec-
tor space of k × k real matrix A = (aij ) which are such that aij = aji for all i, j = 1, . . . , k.
We regard the elements A = (aij ) in Msk(R) as bilinear forms on Rk by letting A(X,Y ) =∑k
i,j=1 aij xiyj , where X = (x1, . . . , xk) and Y = (y1, . . . , yk). We let H 21,k(M) be the Sobolev
space consisting of k-maps U :M →Rk , U = (u1, . . . , uk), which are such that the ui ’s are all in
the standard Sobolev space H 21 (M). We let also A :M → Msk(R) smooth, A = (aij ), be such that
A(x) is positive for all x ∈ M as a bilinear form. Then we consider vectorial Sobolev inequalities
like (∫
M
|U |2∗ dvg
) 2
2∗
K
∫
M
|∇gU |2 dvg + Λ
∫
M
A(U,U)dvg, (I 2g (A, k))
where the inequality is required to hold for all U ∈ H 21,k(M), K , Λ are positive constants, A is
regarded as a bilinear form, dvg is the Riemannian volume element of g, and the exponent 2∗ =
2n
n−2 is critical from the Sobolev viewpoint. Here, in the inequality above, |U |2
∗ =∑ki=1 |ui |2∗ ,
|∇gU |2 =∑ki=1 |∇gui |2, and A(U,U) =∑ki,j=1 aijuiuj when we write that U = (u1, . . . , uk).
When k = 1 and aij is constant, we are back to the classical setting of the Sobolev inequality for
scalar functions. The first Sobolev best constant associated to (I 2g (A, k)) is
K0(A, k, g) = inf
{
K ∈R: there exists Λ ∈R such that (I 2g (A, k)) is valid}.
We get that K0(A, k, g) = K(n,2)2 and the vectorial L2-Riemannian Sobolev inequality holds,
that is, there exists a positive constant Λ such that, for any U ∈ H 21,k(M),(∫
M
|U |2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gU |2 dvg + Λ
∫
M
A(U,U)dvg. (I 2g,opt(A, k))
This follows from the validity of optimal scalar Sobolev inequalities and that A(x) is positive
for all x as a bilinear form. So, consider the second Sobolev best constant
Λ0(A, k, g) = inf
{
Λ ∈R: (I 2g,opt(A, k)) is valid}.
Clearly, for any U ∈ H 21,k(M), one has(∫
M
|U |2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gU |2 dvg + Λ0(A, k, g)
∫
M
A(U,U)dvg,
(J 2g,opt(A, k))
and this inequality is sharp with respect to both the first and second constants, in the sense that
none of them can be lowered.
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ial map and(∫
M
|U0|2∗ dvg
) 2
2∗ = K(n,2)2
∫
M
|∇gU0|2 dvg + Λ0(A, k, g)
∫
M
A(U0,U0) dvg.
It is easy to see that, for any i, and any u ∈ H 21 (M),(∫
M
|u|2∗ dvg
)2/2∗
K(n,2)2
∫
M
|∇gu|2 dvg + Λ0(A, k, g)
∫
M
aii |u|2 dvg.
Taking u = 1 in this inequality, we get that Λ0(A, k, g)
∫
M
aii dvg  V 2/2
∗
g for all i. Since A(x)
is positive for all x ∈ M , the aii ’s are positive functions, and Λ0(A, k, g) has to be positive. By
the developments in Aubin [2], we also get with this inequality that when n 4,
aii(x)
B0(g)extr
Λ0(A, k, g)
for all x ∈ M and all i. More precisely, given δ > 0 small,  small, and x0 ∈ M , we let ux0 be the
function defined by
ux0 =
(
 + r2)1−n/2 − ( + δ2)1−n/2
if r  δ, and ux0 = 0 if not, where r = dg(x0, .). Then, see Aubin [2],∫
M
|∇gux0 |2 dvg + Λ0(A,k,g)K(n,2)2
∫
M
aii(u

x0)
2 dvg
(
∫
M
|ux0 |2∗ dvg)
2
2∗
<
1
K(n,2)2
if n 4,  > 0 is sufficiently small, and aii(x0) < B0(g)extrΛ0(A,k,g) .
The questions that arise here are about the existence of extremal vector valued maps for
(J 2g,opt(A, k)) and the explicit value of Λ0(A, k, g). In [18], Hebey showed that if either
Scalg  0 or Scalg is constant and A does not depend on x, then there exists extremal vector
valued map for (J 2g,opt(A, k)). So, the following questions arise:
(Q1) If Scalg is constant and A depends on x, is there extremal vector valued map for
(J 2g,opt(A, k))?
(Q2) Are there a smooth compact Riemannian manifold with nonconstant positive scalar curva-
ture (or scalar curvature changing sign) and a map A such that there exists extremal vector
valued map for (J 2g,opt(A, k))?
We answer the first question (Q1) with Theorem 2.1, and the second question (Q2) with
Theorem 2.3, bellow.
In the sequel, we say that a smooth map A :M → Msk(R) is an admissible map if A(x) is
positive for all x ∈ M as a bilinear form, and there exists an i0 such that ai0i0 does not depend
on x and aii(x) ai0i0 for all x in M and all i = 1, . . . , k. In this case, we say that the element
ai0i0 is an admissible element of the map A. It is easy to see that if a smooth map A :M → Msk(R)
is such that A(x) is positive for all x ∈ M as a bilinear form, and aii does not depend on x,
for all i = 1, . . . , k, then A is an admissible map. We say that an extremal vector valued map
U = (u1, . . . , uk) is positive if ui  0 for all i, and uj = 0 for some j .
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Theorem 2.1. Let (M,g) be a smooth compact Riemannian manifold of dimension n  4,
and A :M → Msk(R) an admissible map. Then (J 2g,opt) possesses extremal maps if and only
if (J 2g,opt(A, k)) possesses positive extremal vector valued maps.
As a direct consequence of Theorem 2.1 and the resolution of Yamabe problem by Aubin [2]
and Schoen [27], one gets the following corollary.
Corollary 2.1. Let (M,g) be a smooth compact Riemannian manifold of dimension n 4, and
A : M → Msk(R) an admissible map. There exists extremal vector valued map for (J 2g,opt(A, k))
if either Scalg  0 everywhere on M , or g has constant scalar curvature.
Note that Corollary 2.1 answer (in the positive) the question (Q1). In order to prove Theo-
rem 2.1, we will use the following lemma.
Lemma 2.1. Let (M,g) be a smooth compact Riemannian manifold of dimension n  4, and
A : M → Msk(R) an admissible map. Then, at least one of the following assertions holds:
(a) an extremal vector valued map for (J 2g,opt(A, k)) exists, or
(b) Λ0(A, k, g) = B0(g)ai0i0 ,
where B0(g) is the second best constant in (J 2g,opt), and ai0i0 is an admissible element of the
map A. Moreover, if A(x) is a diagonal matrix for each x ∈ M , then (b) holds.
Before to answer the question (Q2), let we answer the question (Q3) bellow. Hebey [18] has
sufficient condition for the existence of extremal vector valued map for (J 2g,opt(A, k)). In the case
that (M,g) is an arbitrary smooth compact Riemannian manifold of dimension n 4, a sufficient
condition is that
aii(x) >
B0(g)extr
Λ0(A, k, g)
for all i = 1, . . . , k and all x ∈ M , where
B0(g)extr = n − 24(n − 1)K(n,2)
2 max
M
Scalg.
So, the following question arises:
(Q3) Is that sufficient condition also a necessary condition?
Let (M,g) be a smooth compact Riemannian manifold of dimension n  4 such that (J 2g,opt)
possesses an extremal map and B0(g) = B0(g)extr. For the existence of (M,g), see Hebey [20].
Let A : M → Msk(R) be an admissible map such that, for each x ∈ M , A(x) is a diagonal matrix.
By Lemma 2.1,
ai0i0 =
B0(g)extr
,
Λ0(A, k, g)
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condition is not a necessary condition.
In order to answer the question (Q2), we recall the definition of the Yamabe invariant. Con-
sider the functional Ig(u) on H 21 (M) \ {0} given by
Ig(u) =
∫
M
|∇gu|2 dvg + n−24(n−1)
∫
M
Scalgu2 dvg
(
∫
M
|u|2∗ dvg) 22∗
.
The Yamabe invariant on (M,g) is defined by
μg = inf
H 21 (M)\{0}
Ig(u).
A well-known fact is the invariance of μg on the conformal class of g.
Theorem 2.2. Let (M,g) be a compact Riemannian manifold of dimension n 4 nonconformal
to (Sn, g0), A : M → Msk(R) an admissible map and a ∈ C∞(M). If
(H) μg > 0 and 0 < maxM a(x) < 1K(n,2)2μg minM a(x),
then there exists a metric h conformal to g such that Scalh = a and (J 2h,opt(A, k)) possesses an
extremal vector valued map.
Aubin [2] and Schoen [27] proved that for any compact Riemannian manifold nonconformal
to (Sn, g0), one has
μg <
1
K(n,2)2
,
so that functions a ∈ C∞(M) satisfying the condition (H) above exist.
A direct consequence of Theorem 2.2 is
Corollary 2.2. There exist compact Riemannian manifolds (M,g) of dimension n 4 with non-
constant positive scalar curvature such that (J 2g,opt(A, k)) possesses an extremal vector valued
map.
One easily may construct concrete examples of such manifolds. For instance, let (M,g1)
be an n-dimensional compact Riemannian manifold nonconformal to (Sn, g0), n 4, and such
that μg1 > 0 (e.g. S1 × Sn−1 or the standard projective space Pn). Take a nonconstant positive
function f ∈ C∞(M) such that
f (x)
(
K(n,2)−2 − μg1
)−1
> 0
for all x ∈ M . Consider the function a = μg1 + 1f . So, the function a is such that μg1  a(x)
K(n,2)−2, for all x ∈ M . As one easily checks, this gives that the function a satisfies the con-
dition (H) of Theorem 2.2. Therefore, there exists a metric g on M such that Scalg = a and
(J 2g,opt(A, k)) admits an extremal vector valued map.
Prescribed scalar curvature’s arguments and results on the Yamabe problem plays an essential
role in the proof of Theorem 2.2. For more about prescribed scalar curvature problems, see [15,
23–25].
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tion (Q2). However, we can answer that question with a metric h that is not necessarily conformal
to the metric g.
Theorem 2.3. Let (M,g) be a smooth compact Riemannian manifold of dimension n  4 such
that μg > 0, and A : M → Msk(R) a smooth map with A(x) positive for all x ∈ M as a bilinearform. Then there exist metrics h1 and h2 on M such that Scalh1 is nonconstant and positive,
and Scalh2 changes sign. Moreover, (J 2hi ,opt(A, k)), i = 1,2, possesses an extremal vector valued
map.
2.1. Proof of the results
2.1.1. Proof of Lemma 2.1
We have that, for any U ∈ H 21,k(M),(∫
M
|U |2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gU |2 dvg + Λ0(A, k, g)
∫
M
A(U,U)dvg.
So, for any u ∈ H 21 (M),(∫
M
|u|2∗ dvg
) 2
2∗
K(n,2)2
∫
M
|∇gu|2 dvg + Λ0(A, k, g)ai0i0
∫
M
|u|2 dvg,
where ai0i0 is an admissible element of the map A. This follows by considering the map U =
(u1, . . . , uk), where ui0 = u and ui = 0 for i = i0. By definition of the second Sobolev best
constant B0(g) one gets that
Λ0(A, k, g)
B0(g)
ai0i0
.
If Λ0(A, k, g) = B0(g)ai0i0 , the statement (b) follows. Suppose that Λ0(A, k, g) >
B0(g)
ai0i0
. Then
ai0i0Λ0(A, k, g) > B0(g) B0(g)extr.
By the fact that A is an admissible map, one gets that
aii(x)Λ0(A, k, g) > B0(g)extr
for any i = 1, . . . , k and any x ∈ M . Then, from results obtained by Hebey [18], there exists
extremal vector valued map for (J 2g,opt(A, k)) and the statement (a) follows. Finally, for all U =
(u1, . . . , uk), one has by scalar optimal Sobolev inequality,
(∫
M
k∑
i=1
|ui |2∗ dvg
) 2
2∗

k∑
i=1
(∫
M
|ui |2∗ dvg
) 2
2∗
K(n,2)2
k∑
i=1
∫
|∇gui |2 dvg + B0(g)
k∑
i=1
∫
|ui |2 dvg,M M
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admissible map such that, for each x ∈ M , A(x) is a diagonal matrix, we obtain
ai0i0
k∑
i=1
|yi |2 
k∑
i,j=1
aij (x)yiyj
for all Y = (y1, . . . , yk) ∈Rk and all x ∈ M . Then,(∫
M
k∑
i=1
|ui |2∗ dvg
) 2
2∗
K(n,2)2
k∑
i=1
∫
M
|∇gui |2 dvg + B0(g)
ai0i0
∫
M
ai0i0
k∑
i=1
|ui |2 dvg
K(n,2)2
k∑
i=1
∫
M
|∇gui |2 dvg + B0(g)
ai0i0
∫
M
A(U,U)dvg.
By definition of Λ0(A, k, g), we get
Λ0(A, k, g)
B0(g)
ai0i0
.
Then, we conclude that
Λ0(A, k, g) = B0(g)
ai0i0
,
since we always have that Λ0(A, k, g) B0(g)ai0i0 .
2.1.2. Proof of Theorem 2.1
Let u0 ∈ H 21 (M) be an extremal map for (J 2g,opt). So, u0 satisfies(∫
M
|u0|2∗ dvg
) 2
2∗ = K(n,2)2
∫
M
|∇gu0|2 dvg + B0(g)
ai0i0
∫
M
ai0i0 |u0|2 dvg.
If (J 2g,opt(A, k)) possesses no extremal maps, it follows by Lemma 2.1 that Λ0(A, k, g) = B0(g)ai0i0 .
So, it is easy to see that the map U0 = (u1, . . . , uk), where ui0 = u0 and ui = 0 for i = i0, satisfies(∫
M
|U0|2∗ dvg
) 2
2∗ = K(n,2)2
∫
M
|∇gU0|2 dvg + Λ0(A, k, g)
∫
M
k∑
i,j=1
aiju
i
0u
j
0 dvg.
Then, U0 is an extremal vector valued map for (J 2g,opt(A, k)), and this is a contradiction since we
are assuming that (J 2g,opt(A, k)) possesses no extremal maps. Now, let U0 be a positive extremal
vector valued map for (J 2g,opt(A, k)). Then,
Λ0(A, k, g)
∫
M
k∑
i,j=1
aiju
i
0u
j
0 dvg =
(∫
M
|U0|2∗ dvg
) 2
2∗ − K(n,2)2
∫
M
|∇gU0|2 dvg

k∑
i=1
(∫ ∣∣ui0∣∣2∗ dvg
) 2
2∗ − K(n,2)2
∫
|∇gU0|2 dvg
M M
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k∑
i=1
∫
M
∣∣∇gui0∣∣2 dvg + B0(g)
k∑
i=1
∫
M
∣∣ui0∣∣2 dvg
− K(n,2)2
∫
M
|∇gU0|2 dvg
 B0(g)
ai0i0
∫
M
k∑
i,j=1
aiju
i
0u
j
0 dvg,
since
ai0i0
k∑
i=1
∣∣ui0∣∣2 dvg 
k∑
i,j=1
aiju
i
0u
j
0 dvg.
This implies that
k∑
i=1
(∫
M
∣∣ui0∣∣2∗ dvg
) 2
2∗ = K(n,2)2
k∑
i=1
∫
M
∣∣∇gui0∣∣2 dvg + B0(g)
∫
M
k∑
i=1
∣∣ui0∣∣2 dvg. (1)
Independently, by scalar optimal Sobolev inequalities,
(∫
M
∣∣ui0∣∣2∗ dvg
) 2
2∗
K(n,2)2
∫
M
∣∣∇gui0∣∣2 dvg + B0(g)
∫
M
∣∣ui0∣∣2 dvg, (2)
for all i. Then, by (1) and (2), there exists j ∈ {1, . . . , k} such that uj0 = 0 and(∫
M
∣∣uj0∣∣2∗ dvg
) 2
2∗ = K(n,2)2
∫
M
∣∣∇guj0∣∣2 dvg + B0(g)
∫
M
∣∣uj0∣∣2 dvg.
This ends the proof of Theorem 2.1.
2.1.3. Proof of Theorem 2.2
Construction of the metric h. Let w0 ∈ C∞(M) be a positive solution of the Yamabe problem.
Then, the scalar curvature of the metric h0 = w2∗−20 g is a positive constant R, since μg > 0.
Moreover, one has μg = n−24(n−1)Rv
2
n
h0
, so that
(
1
K(n,2)2
) 2∗
n
μ
− 2∗2
g =
(
4(n − 1)
n − 2
1
K(n,2)2R
) n
n−2
K(n,2)2v−
2∗
n
h0
,
where vh0 =
∫
M
dvh0 stands for the volume of M on h0.
Note also that 0 < μg < 1K(n,2)2 implies
μ−1g <
(
1
2
) 2∗
n
μ
− 2∗2
g .K(n,2) R
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1
K(n,2)2μg
<
(
4(n − 1)
n − 2
1
K(n,2)2R
) n
n−2
v
− 2∗
n
h0
.
Using the condition (H), we find
max
M
a(x) <
(
4(n − 1)
n − 2
1
K(n,2)2R
) n
n−2
v
− 2∗
n
h0
min
M
a(x)

(
4(n − 1)
n − 2
1
K(n,2)2R
) n
n−2
v
− 2∗
n
h0
a(x)
for all x ∈ M , so that
(
max
M
a(x)
) n−2
n
<
4(n − 1)
n − 2
1
K(n,2)2Rvh0
(∫
M
a(x)dvh0
) n−2
n
,
or equivalently,
n − 2
4(n − 1)Rvh0 <
1
K(n,2)2
(∫
M
a(x)dvh0
maxM a(x)
) n−2
n
. (3)
Consider now the functional Jh0(u) on H 21 (M) defined by
Jh0(u) =
∫
M
|∇h0u|2 dvh0 +
n − 2
4(n − 1)R
∫
M
u2 dvh0 .
The next step is to minimize Jh0(u) on the set
H =
{
u ∈ H 21 (M):
∫
M
a(x)|u|2∗ dvh0 = 1
}
.
Note that H is nonempty since u = (∫
M
a(x)dvh0)
− 12∗ ∈ H. In addition,
inf
H
Jh0(u) Jh0(u) =
(∫
M
a(x)dvh0
) 2−n
n n − 2
4(n − 1)Rvh0 .
So, by (3),
inf
H
Jh0(u) <
1
K(n,2)2(maxM a(x))
n−2
n
.
By a classical result due to Aubin [2], it follows that
4(n − 1)
n − 2 h0v + Rv = a(x)v
2∗−1
possesses a positive solution v0 ∈ C∞(M), where h0u = −divh0(∇h0u) stands for the Lapla-
cian on the metric h0. Setting h = v2∗−2h0, one easily concludes that Scalh = a.0
138 E.R. Barbosa / Bull. Sci. math. 134 (2010) 127–143Existence of extremal vector valued map for (J 2h,opt(A,k)). We claim that, for any i =
1, . . . , k,
aii(x)Λ0(A, k,h) > B0(h)extr.
Proceeding, by contradiction, suppose that there exist a point x0 ∈ M and some j0 = 1, . . . ,1
such that
aj0j0(x0)Λ0(A, k,h) = B0(h)extr.
Since aj0j0(x0) ai0i0 ,
B0(h) ai0i0Λ0(A, k,h) B0(h)extr  B0(h).
Then,
B0(h) = n − 24(n − 1)K(n,2)
2 max
M
a(x).
Let u0 ∈ C∞(M),
∫
M
|u0|2∗ dvh = 1, be a positive solution of the Yamabe problem
hu + n − 24(n − 1)a(x)u = μgu
2∗−1, (4)
so that u0 satisfies
1
μg
∫
M
|∇hu0|2 dvh + 1
μg
n − 2
4(n − 1)
∫
M
a(x)u20 dvh =
∫
M
u2
∗
0 dvh.
Using again the condition (H) and 0 < μg < 1K(n,2)2 on the left-hand side above, one obtains
K(n,2)2
∫
M
|∇hu0|2 dvh + n − 24(n − 1)K(n,2)
2 max
M
a(x)
∫
M
u20 dvh <
∫
M
u2
∗
0 dvh.
But, this contradicts the value of B0(h) given above. Hence,
aii(x)Λ0(A, k,h) > B0(h)extr
for all x ∈ M and all i = 1, . . . , k. Again, from results obtained by Hebey in [18], there exists
extremal vector valued map for (J 2h,opt(A, k)).
2.1.4. Proof of Theorem 2.3
First, choose a nonconstant function a ∈ C∞(M) such that
a(x) <
(
4(n − 1)
n − 2
K(n,2)−2
maxM ai0i0
)
min
M
aii (5)
for some i0 ∈ {1, . . . , k} and all i. Since μg > 0, it follows by Kobayashi [26] that there exists a
metric h on M such that Vh = 1 and Scalh = a. On the other hand,
Λ0(A, k,h)
(
max
M
ai0i0
)
Vh Λ0(A, k,h)
∫
M
ai0i0 dvh
 V
2
2∗ .h
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aii(x)Λ0(A, k,h) >
n − 2
4(n − 1)K(n,2)
2 max
M
Scalh
for all x ∈ M . Again, from results obtained by Hebey in [18], there exists extremal vector valued
map for (J 2h,opt(A, k)).
3. Sharp logarithmic Sobolev inequalities
Let (M,g) be a compact Riemannian manifold of dimension n 2. There exist positive con-
stants A,B ∈R such that, for any u ∈ H 21 (M), ‖u‖2 = 1,∫
M
u2 lnu2 dvg 
n
2
ln
(
A
∫
M
|∇gu|2 dvg + B
)
. (LS(A,B,g))
In this case, we say simply that (LS(A,B,g)) is valid. We refer to this inequality as the loga-
rithmic Sobolev inequality. The logarithmic Sobolev inequality (LS(A,B,g)) may be seen as a
limiting case of some family of Gagliardo–Nirenberg–Sobolev inequalities. These state that, for
all t > 0, there exist A,B  0 such that, for all u ∈ H 21 (M),(∫
M
u2 dvg
)1+ 2t
n(2−t)

(
A
∫
M
|∇gu|2 dvg + B
∫
M
u2 dvg
)(∫
M
|u|t dvg
) 4
n(2−t)
.
(LSt (A,B,g))
As t → 2, one gets (LS(A,B,g)). More details may be found in Brouttelande [7].
The first logarithmic Sobolev best constant associated to (LS(A,B,g)) is
A0(g) = inf
{
A ∈R: there exists B ∈R such that (LS(A,B,g)) is valid}.
The value of A0(g) was found by Brouttelande in [7]:
A0(g) = 2
nπe
.
The first optimal logarithmic Sobolev inequality states that, for any u ∈ H 21 (M), ‖u‖2 = 1,∫
M
u2 lnu2 dvg 
n
2
ln
(
2
nπe
∫
M
|∇gu|2 dvg + B
)
(LS( 2
nπe
,B,g))
for some constant B ∈R. The validity of (LS( 2
nπe
,B,g)) has been proved by Brouttelande in [7].
So, define the second logarithmic Sobolev best constant by
B0(g) = inf
{
B ∈R: (LS( 2
nπe
,B,g
))
is valid
}
.
Brouttelande has been proven in [6] that
B0(g)
1
2nπe
max
M
Scalg,
where Scalg stands for the scalar curvature of the metric g. It is easily to see that for any
u ∈ H 21 (M), ‖u‖2 = 1,∫
u2 lnu2 dvg 
n
2
ln
(
2
nπe
∫
|∇gu|2 dvg + B0(g)
)
. (LS( 2
nπe
,B0(g), g))M M
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M
u20 lnu
2
0 dvg =
n
2
ln
(
2
nπe
∫
M
|∇gu0|2 dvg + B0(g)
)
.
Brouttelande [6] showed that on smooth compact Riemannian manifolds of dimension n  2,
at least, one of the following assertions holds:
(a) an extremal map for (LS( 2
nπe
,B0(g), g)) exists, or
(b) B0(g) 12nπe maxM Scalg .
Then, if Scalg  0, an extremal map for (LS( 2nπe ,B0(g), g)) always exists. The question that
arises here is: is there examples of manifolds (M,g) with Scalg nonconstant and positive (or
changing signal) such that (LS( 2
nπe
,B0(g), g)) possesses extremal map? We answer this question
with the following result.
Theorem 3.1. Let (M,g) be a smooth compact Riemannian manifold of dimension n  3 such
that μg > 0. Then there exist metrics h1 and h2 on M such that Scalh1 is nonconstant and pos-
itive, and Scalh2 changes sign. Moreover, (LS( 2nπe ,B0(hi), hi)), i = 1,2, possesses an extremal
map.
Proof. Choose a nonconstant function a ∈ C∞(M) such that
a(x) < 2nπe (6)
for all x ∈ M . Since μg > 0, it follows by Kobayashi [26] that there exists a metric h on M such
that Vh = 1 and Scalh = a. On the other hand, it follows by Brouttelande [6] that
B0(h) V
− 2
n
h . (7)
So, (6) and (7) give
B0(g) >
1
2nπe
max
M
Scalh.
From the work of Brouttelande [6], there exists extremal map for (LS( 2
nπe
,B0(h),h)). 
4. Sharp L2-Nash inequalities
Let (M,g) be a compact Riemannian manifold of dimension n 2. There exist positive con-
stants A,B ∈R such that, for any u ∈ H 21 (M),(∫
M
u2 dvg
)1+ 2
n

(
A
∫
M
|∇gu|2 dvg + B
∫
M
u2 dvg
)(∫
M
|u|dvg
) 4
n
. (NS(A,B,g))
In this case, we say simply that (NS(A,B,g)) is valid. We refer to this inequality as the L2-
Nash inequality. The L2-Nash inequality (NS(A,B,g)) is a particular case of the Gagliardo–
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such that, for all u ∈ H 21 (M),(∫
M
u2 dvg
)1+ 2t
n(2−t)

(
A
∫
M
|∇gu|2 dvg + B
∫
M
u2 dvg
)(∫
M
|u|t dvg
) 4
n(2−t)
.
(GNSt (A,B,g))
When t = 1, one gets (NS(A,B,g)).
The first L2-Nash best constant associated to (NS(A,B,g)) is
A0(g) = inf
{
A ∈R: there exists B ∈R such that (NS(A,B,g)) is valid}.
The value of A0(g) was found by Carlen and Loss in [8]:
A0(g) = (n + 2)
n+2
n
2
2
n nλ1(B)|B| 2n
,
where |B| is the volume of the unit ballB in Rn, λ1 is the first nonzero Neumann eigenvalue of
the Laplace for radial functions on B. The first optimal L2-Nash inequality states that, for any
u ∈ H 21 (M),(∫
M
u2 dvg
)1+ 2
n

(
A0
∫
M
|∇gu|2 dvg + B
∫
M
u2 dvg
)(∫
M
|u|dvg
) 4
n
(NS(A0(g),B,g))
for some constant B ∈R. The validity of (NS(A0(g),B,g)) has been proved by Humbert in [22].
So, define the second L2-Nash best constant by
B0(g) = inf
{
B ∈R: (NS(A0(g),B,g)) is valid}.
Humbert has been proven in [21] that
B0(g)max
(
Vg(M)
− 2
n ,
|B|− 2n
6n
(
2
n + 2 +
n − 2
λ1
)(
n + 2
2
) 2
n
max
M
Scalg
)
,
where Scalg stands for the scalar curvature of the metric g. It is easily to see that for any
u ∈ H 21 (M),(∫
M
u2 dvg
)1+ 2t
n

(
A0
∫
M
|∇gu|2 dvg + B0(g)
∫
M
u2 dvg
)(∫
M
|u|dvg
) 4
n
.
(NS(A0(g),B0(g), g))
A function u0 ∈ H 21 (M), u0 = 0, is said to be extremal function for (NS(A0(g),B0(g), g)) if(∫
M
u2 dvg
)1+ 2
n =
(
A0
∫
M
|∇gu|2 dvg + B0(g)
∫
M
u2 dvg
)(∫
M
|u|dvg
) 4
n
.
Humbert [21] showed that on smooth compact Riemannian manifolds of dimension n  2, the
following condition:
B0(g) >
|B|− 2n ( 2 + n − 2)(n + 2) 2n max Scalg,6n n + 2 λ1 2 M
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extremal map for (NS(A0(g),B0(g), g)) always exists. The question that arises here is: is there
examples of manifolds (M,g) with Scalg nonconstant and positive (or changing signal) such
that (NS(A0(g),B0(g), g)) possesses extremal map? We answer this question with the following
result.
Theorem 4.1. Let (M,g) be a smooth compact Riemannian manifold of dimension n  3 such
that μg > 0. Then there exist metrics h1 and h2 on M such that Scalh1 is nonconstant and
positive, and Scalh2 changes sign. Moreover, (NSB(A0(hi),B0(hi), hi)), i = 1,2, possesses an
extremal map.
Proof. Choose a nonconstant function a ∈ C∞(M) such that
a(x)
|B|− 2n
6n
(
2
n + 2 +
n − 2
λ1
)(
n + 2
2
) 2
n
< 1 (8)
for all x ∈ M . Since μg > 0, it follows by Kobayashi [26] that there exists a metric h on M such
that Vh = 1 and Scalh = a. On the other hand, it follows by Humbert [21] that
B0(h) V
− 2
n
h . (9)
So, (8) and (9) give
B0(h) >
( |B|− 2n
6n
(
2
n + 2 +
n − 2
λ1
)(
n + 2
2
) 2
n
max
M
Scalh
)
.
From the work of Humbert [21], there exists extremal map for (NSB(A0(h),B0(h),h)). 
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